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Ab stract: The cru cial role in the stud ies on layer suc ces sions in lithos tra tigraphic sec tions with the ap pli ca tion of
sto chas tic model of de po si tional pro cesses rep re sented by the Mar kov chain is played by cor rect es ti ma tion of the
ma trix of tran si tion num bers be tween li tho fa cies ex pected in a ran dom se quence. Meth ods known from the
lit era ture are it era tion pro ce dures, which do not en sure quick, gen eral so lu tion. Hence, we pro pose a uni ver sal
method based upon the Monte Carlo simu la tion tech nique. This method en ables the re searcher to es ti mate
pre cisely and re lia bly the ex pected ma trix of fa cies tran si tions.
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IN TRO DUC TION

Stud ies on layer suc ces sions in lithos tra tigraphic sec -
tions with the sto chas tic model of de po si tional pro cess rep -
re sented as dis crete Mar kov pro cess (Mar kov chain) have
quite a long his tory. The early pub li ca tions ap peared in the
1960s (see Vis te lius & Faas, 1965; Vis te lius & Fey gel son,
1965; Carr et al., 1966; Krum bein, 1967; Pot ter & Blakely,
1967, 1968). The fol low ing years were de voted to in ten sive
meth odo logi cal stud ies, which en abled the re search ers to
rec og nize the spe cific char ac ter of geo logi cal ap pli ca tions
of the Mar kov chains and to de velop meth ods of cor rect in -
ter pre ta tion of cal cu lated re sults. Re cently, the Mar kov
chains are re garded as al most a stan dard tool of sedi men to -
logi cal analy sis but still many pub li ca tions ap pear, whose
authors do not fully un der stand the ap plied mathe mati cal
meth ods and, thus, their con clu sions are not fully cor rect.
There fore, it seems rea son able to pres ent once again the
prin ci ples of Mar kov model ap pli ca tions to the analy sis of
lithos tra tigraphic suc ces sions.

In or der to test the lithostratigraphic sec tion with the
Markov chains, it must be trans formed into a se quence
{Wk} , k = 1, 2, …, N – 1, of ob served lithological varietes
(lithofacies) L1, L2, …, LM. Two meth ods of trans for ma tion 
are used: re cord ing the suc ceed ing lay ers or re cord ing the
lithofacies dis tin guished at equal dis tances within the stud -
ied sec tion. How ever, each metod has some lim i ta tions: in
the for mer method in for ma tion is lost on thick nesses of the

re corded lay ers, in the lat ter one ambigous in for ma tion ap -
pears due to the lack of pre cise cri te ria for se lec tion of dis -
tances be tween the re corded lithofacies. The lat ter prob lem
seems to be more se ri ous (prob a bly be cause the thick ness
anal y sis can be eas ily run with other meth ods); hence, the
re searches pre fer rather the di rect re cord ing of the se -
quences of lithological va ri et ies.

The main goal of the analy sis of layer suc ces sions in
lithos tra tigraphic sec tions is the rec og ni tion whether de po -
si tional pro cess re corded in the sec tion is ran dom or
whether any regu lari ties are ob served, ex pressed by pre -
ferred oc cur rence of some suc ces sions of li tho fa cies. Di rect
rec og ni tion of such pref er ences is quite easy, as com puter
tech niques en able us to search quickly even very long litho-
strati graphic sec tions. Un for tu nately, the re sults of such
stud ies can not be sen si bly in ter preted due to the lack of rele -
vant sta tis ti cal meth ods.

The use ful al ter na tives are meth ods re sult ing from the
Mar kov chains the ory. Al though these meth ods can not an -
swer all ques tions in ter est ing to a ge olo gist, there ex ists an
ade quate theo reti cal ba sis which en ables one to solve the
most im por tant prob lem, i.e., the ran dom ness of a given
suc ces sion, as the re jec tion of ran dom ness hy pothe sis jus ti -
fies the un der tak ing of fur ther, more spe cial ized sedi men to -
logi cal stud ies.



The suc ces sion of ele ments in se quence {Wk}, which
rep re sents the suc ces sion of lay ers in the ana lysed lithos tra -
tigraphic sec tion can be ex pressed as a square ma trix:
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where each el e ment fij is equal to the num ber of events in
the se quence {Wk}, and Wk = Li and Wk+1 = Lj; more pre -
cisely, it is equal to the num ber of tran si tions of lithofacies
Li into lithofacies Lj. In gen eral, all val ues fij can be higher
than 0 but, if dur ing the re cord ing of rocks in a given sec tion 
only the suc ceed ing lithological va ri et ies are re corded, the
tran si tions Li ® Li (i.e., be tween two fol low ing, lithologi-
cally iden ti cal lay ers) will be come for bid den by def i ni tion
and the tally ma trix will evolve into:
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It must be em pha sized that this case is es sen tially dif fer -
ent from that, in which 0 val ues ap pear in the ma trix F as an
em pir i cal fact re sult ing from the lack of rel e vant tran si tions
in the stud ied suc ces sion.

If a lithostratigraphic sec tion re corded in the se quence
{Wk} is of ran dom char ac ter, the ap pear ance of any litho-
fa cies Li (Wk = Li) at any po si tion k does not de pend on un -
der ly ing lithofacies lo cated at po si tions k – 1, k – 2, etc.
Therefore, the pro cess which gen er ated the se quence {Wk}
(i.e. sed i men ta tion) does not “re mem ber” its his tory. If the
lithostratigraphic sec tion is de scribed with the ma trix (2),
such de fined ran dom ness is im pos si ble: the pro cess must
”re mem ber” the pre vi ous layer in or der to pre vent the rep e -
ti tion of the same lithofacies in the fol low ing layer. Hence,
such a case is called ”quasi-ran dom ness”: if Wk  ¹ Wk-1,
prob a bil i ties of the oc cur rence of all other lithofacies at po -
si tion k are equal.

Dis crete pro cesses en dowed with ”mem ory” ex tended
back up to q steps are called the q-o rder Mar kov chains. If
we as sume that fii = 0, these are the so- called ”em bed ded
chains” (Krum bein & Dacey, 1969). In prac tice (at least in
sedi men to logi cal prac tice), the first- order chains are in use.
Hence, the fol low ing con sid era tions will be lim ited to such
chains only.

RAN DOM NESS TEST
OF A LITHOSTRATIGRAPHIC SEC TION

The idea of sta tis ti cal veri fi ca tion of ran dom ness or
quasi- randomness hy pothe ses of a se quence {Wk} ver sus al -

ter na tive hy pothe sis that the stud ied se quence rep re sents the 
first- order Mar kov chain is very sim ple. If the null-hypothe- 
sis is valid, the ma trix of ex pected fa cies tran si tions E
should be cal cu lated and com pared with the ma trix of ob -
served tran si tions F. If the dif fer ences be tween both ma tri -
ces are sig nifi cant, the re jec tion of null- hypothesis is sug -
gested. Hence, the cru cial problem is the cal cu la tion of ma -
trix E and the se lec tion of proper test sta tis tics.

The prob lems is well- known from the non- embedded
chains (see e.g., An der son & Good man, 1957). The ele -
ments of ma trix E are given with the fol low ing for mu lae:
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and where the sig nif i cance of dif fer ence be tween the ma tri -
ces F and E can be ver i fied with the sta tis tics:
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which has the as ymp totic dis tri bu tion c2 with (m – 1)2 de -
grees of free dom.

A more com pli cated prob lem arises when one con sid ers 
suc ces sions de scribed with the ma trix (2), which have zero
val ues along the main di ag o nal. In such a case, for mula (3)
is not ap pli ca ble be cause it treats these el e ments equally
with the oth ers. Pot ter and Blakely (1968), who first paid at -
ten tion to this prob lem and its sig nif i cance in geo log i cal ap -
pli ca tions, sim ply pro posed that zero el e ments of the ma trix
can be ne glected. Con se quently, the cal cu lated value X2

may rep re sent the ran dom vari able of dis tri bu tion c2 with
(m – 1)2 – m de grees of free dom. Un for tu nately, this con -
cept is an over sim pli fi ca tion – af ter au to matic re moval of m
el e ments from the ma trix val ues eij will gen er ally be un der -
es ti mated; thus, we can not ex pect that the sta tis tics X2 will
meet the pos tu lated dis tri bu tion c2.

Read (1969) and Gin gerich (1969) in their in de pend -
ently run stud ies at tempted to over come this weak point.
Ac cord ing to these authors, ele ments of ma trix E should be
de ter mined from the for mula:
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which guar an tees the iden ti cal sums of rows in ma tri ces F
and E (al though it does not guar an tee the iden tity of col -
umns sums). The cal cu lated X2 sta tis tics should re veal the
as ymp totic dis tri bu tion c2 with the de grees of free dom cal -
cu lated as (m – 1)2 – m (af ter Read, 1969) or as m(m – 2)
(af ter Gingerich, 1969).

Un for tu nately, also this con cept is in cor rect, as clearly
dem on strated by Pow ers and East er ling (1982). Moreo ver,
these authors de fined the clue of the prob lem, i.e., the lithos -
tra tigraphic sec tions con tain ing the “for bid den” tran si tions
of the same fa cies va rie ties are not in de pend ent by defi ni -
tion. In such cases the to tal “lack of mem ory” of de po si -
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tional pro cess does not oc cur. As a so lu tion, Pow ers and
East er ling (1982) ap plied the idea of quasi- independence of 
quali ta tive vari ables de vel oped by Good man (1968) and
tested it with con ti gency ta bles. In such an at tempt, the ele -
ments of ma trix E are given by gen eral for mula:

e
a b i j

i j
ij

i j=
¹

=

ì
í
î

,

,
,

0
(6)

where val ues ai and bj are de ter mined with rel e vant it er a -
tions.

Let m rep re sent the num ber of rows/col umns in the ma -
trix of tran si tions fre quency, ni+ be the sum of i row, n+j be
the sum of j col umn and e be the re quired ac cu racy of it er a -
tion. Thus:
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It era tions are run un til the fol low ing con di tion is sat is -
fied:
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An other es ti ma tion method of ex pected num bers of tran -
si tions was pre sented by Da vis (2002). In this procedure, the
stud ied lithostratigraphic suc ces sion is treated as a ”cen -
sored” sam ple of a sec tion, in which tran si tions be tween
iden ti cal lithofacies are per mit ted and the ma trix F for this
sam ple dif fers from the ob served ma trix only with the el e -
ments lo cated along the main di ag o nal. Un der such as sump -
tion el e ments of ma trix E can be es ti mated with it er a tion.

If m is the number of rows/col umns in the ma trix of
tran si tion fre quency, fij is an ele ment of this ma trix, L is the
pre set ini tial value and l is the re quired ac cu racy of it era -
tion, then:

e
L i j

f i jij
ij

( )
,

,
,1 =

=

¹

ì
í
î

n e n ni ij
j

m

i i
i

m

+
=

= +
=

= å å( ) ( ) ( ) ( ), ,1 1

1
1

1 1

1

and

e
n n

n
i mii

k i
k

i
k

k

( )
( ) ( )

( )
, , ,... , ;= =+

-
+

-

+ +
-

1 1

1
12

n e n ni
k

ij
j

m
k

i
k

i

m

+
=

+ + +
=

= =å å( ) ( ) ( ), .
1 1

Fi nally, if the fol low ing con di tion is met:
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we ob tain:

e

i j

n n

n
i jij i

k
i
k

k

=

=

¹

ì

í
ï

î
ï

+ +

+ +

0 ,

,
.

( ) ( )

( )

Both the es ti ma tion meth ods of ele ments of ma trix E
are based upon it era tion al go rithms, the con ver gence of
which has not been tested. Thus, the dan ger ex ists that in a
par ticu lar case re sults of cal cu la tions will be un sat is fac tory.
The so lu tion lies in the ap pli ca tion of well- known Monte
Carlo method, which en ables the re searcher to es ti mate di -
rectly the re quired val ues with the simu la tion of ran dom
pro cess of sedi men ta tion.

Let us as sume that the stud ied lithos tra tigraphic sec tion
{Wk} in cludes N lay ers, from which n1 rep re sents li tho fa -
cies L1, n2 rep re sents li tho fa cies L2, etc. If we ran domly se -
lect lay ers in this sec tion (hav ing in mind that the suc ceed -
ing lay ers can not be litho logi cally iden ti cal) we will gen er -
ate a new suc ces sion (”sec tion”), which will meet the re -
quire ment of quasi- independence. If we gen er ate a large
number (e.g., 1,000) of such sec tions we can cal cu late for
each the ma trix of the num bers of fa cies tran si tions. Af ter
av er ag ing the ma tri ces, we will ob tain the es ti ma tion of the
ex pected num bers of fa cies tran si tions eij.

The ad van tages of the pro posed method are: the ab -
sence of any ini tial as sump tions (ex cept for re peat abil ity of
li tho fa cial va rie ties) and the in de pend ence of the re sults on
it era tion pro ce dures. Cal cu la tions can be run with any avail -
able gen era tor of pseudo- random num bers, e.g., that op er at -
ing in com monly used Ex cel soft ware.

It is ob vi ous that, de spite se lected es ti ma tion method of
the el e ments of ma trix E, the fi nal step of ran dom ness test
of de po si tion pro cess recordered in a lithostratigraphic sec -
tion is the cal cu la tion of X2 sta tis tics (see formula 6).

COM PAR I SON OF ES TI MA TION
METH ODS OF EX PECTED NUM BERS

OF FA CIES TRAN SI TIONS

Be low, an ap pli ca tion is pre sented of es ti ma tion meth -
ods of the ex pected num bers of fa cies tran si tions. True data
orig i nate from the HEBCH-1 suc ces sion, which rep re sents
the paralic se ries of the Up per Silesian Coal Ba sin. The suc -
ces sion in cludes 126 lay ers of eight lithological va ri et ies:
claystones (SH – 47 lay ers), coaly claystones and coaly
shales (CS – 3 lay ers), coal (COAL – 33 lay ers), fine-
grained sand stones (SF – 20 lay ers), mudstones (MU – 17
lay ers), me dium-grained sand stones (SM – 2 lay ers), coarse-
grained sand stones (SC – 1 layer) and heteroliths, i.e. rocks
com posed of the sets of clay-sandstone-mudstone laminae
(HE – 3 lay ers). The ob served ma trix F of tran si tions be -
tween these fa cies va ri et ies is shown be low.
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SH CS COAL SF MU SM SC HE S

SH 0 0 23 11 10 1 1 0 46

CS 2 0 1 0 0 0 0 0 3

COAL 26 3 0 4 0 0 0 0 33

SF 9 0 4 0 6 0 0 1 20

MU 9 0 3 3 0 0 0 2 17

SM 1 0 0 1 0 0 0 0 2

SC 0 0 0 0 0 1 0 0 1

HE 0 0 2 0 1 0 0 0 3

S 47 3 33 19 17 2 1 3 125

Be low, ma tri ces are shown of the ex pected num bers of
tran si tions in a quasi-ran dom col umn cal cu lated with the
three meth ods:

Pow ers-Easterling method

SH CS COAL SF MU SM SC HE S

SH 0.00 1.52 21.31 10.75 9.40 1.00 0.50 1.52 46.00

CS 1.53 0.00 0.70 0.35 0.31 0.03 0.02 0.05 2.99

COAL 21.54 0.70 0.00 4.99 4.36 0.47 0.23 0.70 32.99

SF 11.37 0.37 5.22 0.00 2.30 0.25 0.12 0.37 20.00

MU 9.51 0.31 4.36 2.20 0.00 0.21 0.10 0.31 17.00

SM 1.02 0.03 0.47 0.24 0.21 0.00 0.01 0.03 2.01

SC 0.50 0.02 0.23 0.12 0.10 0.01 0.00 0.02 1.00

HE 1.53 0.05 0.70 0.35 0.31 0.03 0.02 0.00 2.99

S 47.00 3.00 32.99 19.00 16.99 2.00 1.00 3.00 124.98

Da vis method

SH CS COAL SF MU SM SC HE S

SH 0.00 1.44 21.16 11.06 9.14 0.96 0.48 1.44 45.68

CS 1.44 0.00 0.72 0.38 0.31 0.03 0.02 0.05 2.95

COAL 21.16 0.72 0.00 5.53 4.57 0.48 0.24 0.72 33.42

SF 11.06 0.38 5.53 0.00 2.39 0.25 0.13 0.38 20.12

MU 9.14 0.31 4.57 2.39 0.00 0.21 0.10 0.31 17.03

SM 0.96 0.03 0.48 0.25 0.21 0.00 0.01 0.03 1.97

SC 0.48 0.02 0.24 0.13 0.10 0.01 0.00 0.02 1.00

HE 1.44 0.05 0.72 0.38 0.31 0.03 0.02 0.00 2.95

S 45.68 2.95 33.42 20.12 17.03 1.97 1.00 2.95 125.12

Monte Carlo method (for 1000 rep e ti tions)

SH CS COAL SF MU SM SC HE S

SH 0.00 1.56 21.68 10.49 9.17 1.01 0.63 1.46 46.00

CS 1.45 0.00 0.68 0.41 0.36 0.03 0.02 0.05 3.00

COAL 21.45 0.67 0.00 5.11 4.41 0.48 0.17 0.72 33.01

SF 11.51 0.38 5.06 0.00 2.35 0.24 0.09 0.38 20.01

MU 9.62 0.30 4.24 2.22 0.00 0.20 0.08 0.33 16.99

SM 0.95 0.03 0.47 0.26 0.24 0.00 0.01 0.04 2.00

SC 0.54 0.01 0.17 0.13 0.13 0.01 0.00 0.01 1.00

HE 1.48 0.05 0.70 0.38 0.34 0.03 0.01 0.00 2.99

S 47.00 3.00 33.00 19.00 17.00 2.00 1.01 2.99 125.00

SUM MARY

The ex am ples pre sented above dem on strate that all
three ap plied meth ods pro duce al most iden ti cal re sults;
hence, all pro vide the same con clu sions af ter the ran dom -
ness test was cal cu lated. It must be em pha sized, how ever,
that the Da vis method pro duced per fectly sym met ric ma trix
of tran si tion num bers, which means that this method ne -
glects the dif fer ence in sums of rows and col umns for the
first and last el e ment. This dif fer ence can be im por tant for
short lithostratigraphic sec tions, which, un for tu nately, are
quite com mon in geo log i cal prac tice. For such sec tions, a
much better so lu tion is the ap pli ca tion of the Pow ers-
Easterling or Monte Carlo meth ods. How ever, for long
wells and when the Monte Carlo method is used, the length
of the studied sequence is unimportant.

The prob lem of es ti ma tion of ex pected val ues is so crit -
i cal be cause sedimentological con clu sions are based upon
dif fer ences be tween ex pected and ob served num bers of fa -
cies tran si tions in the stud ied lithostratigraphic sec tions.
Hence, in cor rect es ti ma tions of ex pected num bers of tran si -
tions will in ev i ta bly lead to er ro ne ous dif fer ences and, con -
se quently, will generate wrong genetic conclusions.
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